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Co-Symplectic Geometry and Co-Lagrangian
Subspaces
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A new natural structure on the tangent spaces of a co-tangent bundle is introduced
and some of its properties are investigated. This structure is based on a symmetric
bilinear form and leads to a geometry that is, in many respects, analogous to
the symplectic geometry. The new structure can thus justifiably be called co-
symplectic geometry. The null structure of co-symplectic vector spaces is investi-
gated in detail. It is found that the manifold of all maximally isotropic subspaces
of a co-symplectic vector space is a homogeneous compact manifold of dimension
in(n—1) consisting of two diffeomorphic components and having fundamental
group Z,® Z,. A representation of the fundamental group of this manifold is
explicitly constructed in terms of quadrupoles of co-Lagrangian subspaces.

1. INTRODUCTION

Symplectic geometry plays a central role in many recent important
developments in theoretical physics. [See, for example, Guillemin and
Sternberg (1977, 1984) and the extensive bibliographies therein.] The reason
for this is not difficult to establish. Space-time is the arena in which physical
phenomena occur. Any description of those phenomena must therefore be
given in terms of space-time itself, or else in terms of some suitable geometric
superstructure constructed upon it, like the configuration space, the event
space, the phase space, or any of the several manifolds that are in use in
the different branches of mathematical physics. Furthermore, since physics
is interested in the way in which a system develops in time, a description
of the system will resort normally to the use of differential equations. This
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requires a further extension of the adopted geometric structure or superstruc-
ture to some kind of bundle, which is the natural environment for differential
equations. It is here that symplectic geometry enters the picture: the symplec-
tic structure is a natural structure on these bundles that is useful for the
discussion of many of the equations of mathematical physics in geometric
terms. It is not surprising, therefore, to find it at the heart of so many of
the theories of mathematical physics. What is perhaps surprising is that it
has taken so long to recognize the central role of the symplectic geometry
and to give it the individual attention and study that it deserves.

But the symplectic structure is not the only structure that is natural to
the fiber bundles of physics. There is another that is equally natural and
equally useful, based not on an antisymmetric bilinear form on the co-
tangent bundle, but on a symmetric one. This replacement of the funda-
mental form by one of opposite symmetry leads to a geometry that, in many
respects, is directly the analog of the symplectic structure on which it is
modeled. Many concepts and theorems of the new geometry can be carried
over directly from the old, albeit with important modifications. Its theory
can thus be developed along parallel lines. For this reason, we propose to
call the new geometry co-symplectic geometry.

It would be a mistake to regard co-symplectic geometry as a complete
newcomer to physics. Rather, like its symplectic counterpart, it occurs in a
natural way in many structures of interest (see, for example, Schonberg,
1957a,b, 1958; Bohm and Hiley, 1983; Frescura and Hiley, 1984). In this
sense, it can be said to be latent, or implicit, in these structures. But like
its symplectic cousin, which had to wait a considerable time before its
intrinsic importance was recognized, co-symplectic geometry so far does
not appear to have been identified as an independent structure worthy of
separate study.

The usefulness of introducing a co-symplectic structure into the
cotangent bundle is that it allows the immediate geometrization of a number
of familiar structures in physics which cannot be geometrized easily by the
methods of symplectic geometry. Among these are the fermionic operators
of quantum field theory, and the Killing vector fields associated with
symmetries and their corresponding conservation laws. The co-symplectic
geometry, of course, is not a replacement for or a competitor against
symplectic geometry. Rather, it is complementary to it, and it is foreseen
that both structures will have to be used in conjunction to achieve a full
geometrization of physics.

In this paper, we present a preliminary study of the co-symplectic
geometry. We confine ourselves to the algebraic foundations of the theory.
The definition and investigation of co-symplectic manifolds is left to a later
publication. Accordingly, we begin in Section 2 with a definition of the
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cosymplectic vector space and define also a canonical basis for the space,
which we call a co-symplectic basis. In Section 3, we introduce the co-
symplectic group and its Lie algebra. Since later developments require the
use of the conformal co-symplectic group and its Lie algebra, we also discuss
these briefly.

Many important results and applications of the symplectic geometry
hinge on the notion of Lagrangian subspaces. Also of importance in this
connection are the properties of the manifold of all Lagrangian subspaces.
The many analogies that exist between symplectic and co-symplectic
geometries indicate that similar developments will also be of importance
in the context of the later. Accordingly, we define co-Lagrangian subspaces,
and establish some elementary properties of the manifold of all co-
Lagrangian subspaces in Section 4; the conditions for two co-Lagrangian
subspaces to be transversal are established in Section 5, and the manifold
of all co-Lagrangian subspaces transversal to a given co-Lagrangian sub-
space is parametrized in Section 6. Finally, in Section 7, we establish some
basic topological properties of the manifold of all co-Lagrangian subspaces.

2. DEFINITION OF COSYMPLECTIC VECTOR SPACE

Let E be a finite-dimensional real vector space, and E* its linear dual.
Denote their direct sum E*@® E by V. For the sake of definiteness, E may
be interpreted as the configuration space of classical mechanics. The space
E* would then be the momentum space, and E*@ E the corresponding
phase space.

The natural symplectic structure on V is defined by the skew-symmetric
bilinear form w: VX V>N,

w((p,q),(p',q))=(p,0)—(p. 9 (1)
Here (p, q) denotes the value of pc E* on g€ E, that is,

{(p, 1)=p(q)

There is another natural structure that can be defined on V. This is
given by the symmetric bilinear form o: Vx V>R, where

o((p,q),(p,a))=(p,9)+{(p, 9" (2)

Because of the obvious analogy between (1) and (2), we shall call the space
(V, o) a co-symplectic vector space, and o a co-symplectic form.

A basis for V can be obtained as follows. Select a basis ¢, of E, together
with the dual basis ¢, of E,* where i=1,..., n, and n is the dimension of
E. Then

<€Pi’ Sqi> = SPi('EQj) = 6U
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Put
€; = (05 gq,v)’ Cnyi = (Ep,»’ 0)

The vectors ¢,, with u =1,...,2n, will be a basis for V. We shall call a
basis for V formed in this way a natural basis for the co-symplectic space.

In terms of a natural basis, the coefficients o, of the matrix representing
the co-symplectic form o are given by

o, =0c(e,,e,)
or
03 =0=0,1;n;
Tin+j= aij = Oy

Denoting this matrix by S, we have

0 I
s:[I O] (3)

where I is the unit n X n matrix. The value of the co-symplectic form ¢ on
u, ve V can then be written in terms of a matrix product as

o(u, v)=u"Sv

s=|; Ll ) @

The matrix S is therefore equivalent, by a similarity transformation, to the

matrix
I 0
S'= 5
. )

Note that

This would seem to indicate that the co-symplectic form o essentially defines
on V a pseudo-Euclidean metric structure with signature zero. For n=1,
this would then yield the ordinary hyperbolic plane. In fact, this is not so.
Even though our geometry will have a good deal in common with such a
pseudo-Euclidean structure, it should nevertheless not be forgotten that V
has, in addition to o, two distinguished subspaces E and E*, which together
define a unique splitting of V into the direct sum E*@® E. This makes the
co-symplectic geometry more closely analogous to the symplectic than to
the pseudo-Euclidean geometry. Furthermore, the notion of “length” in the
co-symplectic case is rather weak, since the set of isotropic vectors in such
a space is of maximal size among the pseudo-Euclidean spaces. A
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classification scheme based on the notion of length therefore would not be
particularly useful. Of far greater importance is the null-structure inherent
in (V, o). It is thus preferable to develop the geometry of co-symplectic
spaces in a way that parallels that of symplectic spaces.

The natural bases are not the only ones in which the matrix that
represents o has the form (3). This leads us to define more generally a
co-symplectic basis as one in which o has the form (3). The natural bases
are thus a special kind of co-symplectic basis.

3. CO-SYMPLECTIC AND CONFORMAL CO-SYMPLECTIC
GROUPS AND THEIR LIE ALGEBRAS

We define the co-symplectic group Cs(V, o) to be the group of linear
transformations on V which preserve the form o,

Cs(V,0)={Aec GL(V): o(Au, Av)=0c(u,v),Yu,ve V}
Since o is symmetric with signature zero, Cs(V, o) is isomorphic to the
orthogonal group O(n, n; R) of real 2n X 2n matrices M satisfying
M'SM=S'

where S’ is given by (5).

Let e,, with w=1,...,2n, be a natural basis for V. The group

{Me GL(2n,R): M"SM = S}

where S is given by (3), will be a matrix representation of Cs(V, ). We

shalil denote this group by Cs(2n, R). )
Let Ae Cs(2n, R). Itis convenient to use block matrix notation and write

P
a-[x 4]
R S
where P, Q, R, S are n X n matrices. The defining relations for A then give
R™P+P'R=0
STQ+Q7s=0
RTQ+P'sS=1
The first two conditions can be met by setting the products R'P and S'Q
equal to any two arbitrary skew-symmetric matrices. In particular, we can

set Q=R =0. Then P=(S")"!, where S GL(n, R). This generates a sub-
group of transformations of the form

3 (ST)—I 0
A=) 0] ©
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which are just the transformations of V induced by a general linear transfor-
mation of E. If E is identified as the configuration space of mechanics, and
E* as the momentum space, then the transformations of form (6) are just
the coordinate transformations of Lagrangian mechanics. Similarly, setting
P=S=0,weget Q=(R") ' with Re GL(n, R). This generates a subgroup
of transformations which exchange the configuration and momentum
spaces.

We denote by g the Lie algebra of G, and by o(n, n; R) that of the
matrix group O(n, n; R). These two Lie algebras are isomorphic. Using
block matrix notation, we X € o(n, n; i) as

a

<[5 7]
The defining condition

X7S+SX=0
then gives

B+B =0=y+y"
and
S§=—a’

with no restriction on a. Hence

and
dim Cs(V, o) =dim ¢s(V, o) =2n’—n

We shall also need later the conformal co-symplectic group CCs(v, o).
This is the group of linear transformations on V which preserve the form
o up to a factor,

CCs(V,0)={Ae GL(V): 0(Au, Av) = po(u, v),Vu,ve V}

The constant u, might in principle be expected to depend not only on the
transformation A, but also on the particular elements u, v & V. However, it
can be shown to depend on A alone.

The Lie algebra of CCs(V, o) will be denoted by ccs(V, o). Its defining
condition is then

Xeces{(V,o)oa(Xu, v)+o(u, Xv)=ux(y, v)
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4. CO-LAGRANGIAN SUBSPACES

A maximal isotropic subspace L< (V, o) will be called a co-Lagrangian
subspace of V. Thus, L< V is co-Lagrangian if and only if

o(u,v)=0 Yu,vel
and, if L’ is isotropic, then
LI'>Ll=L'=L
By a standard theorem in the geometry of bilinear forms (Dieudonné, 1964,
Proposition 5, p. 152),
dimL=3dimV=n

Let L be some fixed co-Lagrangian subspace. We can parametrize L

by setting
x= |: f] 0
n

where £ and 7 are fixed n x n matrices, 8 ¢ R", and

rank[ §] =n
n

As 0 ranges over ", x will range over the entire space L. Of course, ¢ and
n cannot be chosen arbitrarily. The isotropic condition on L requires that
o(x,y)=0Vx, ye L. Thus, for all 6, 8'eR",
0 I
0=07[§T777][ ][5] 9'=6"(£n+n"€)6' ™)
I 0]lln
where we have set y =[:]6’. This means that L is co-Lagrangian if and
only if
0=¢"m+n'¢
i.e., £’y is skew symmetric. Note that this condition can be met trivially
by setting either ¢ =0 or n =0. Thus, the spaces

m: x=[(I)] 0; 7 x=[é]0 (8)

with 8 € R", are co-Lagrangian.

Denote by CZL(V, o) the set of all co-Lagrangian subspaces in V. The
orthogonal group Cs(V, o) acts transitively on CZ(V, o) (Dieudonné, 1964,
p. 153). The stationary group G, of the subspace = given by (8) consists
of all transformations A of the form

3 (MT)—I 0]
A_[MTU S



64 Frescura and Lubczonok

where M is any nonsingular n X n matrix and U is any skew-symmetric
matrix. Thus, C¥£(V, o) is the homogeneous space

CL(V,0)=0(V,0)/G,
and
dim C£(V,o)=3in(n—-1)

Since C#(V, o) is a submanifold of the Grassmannian manifold of all
subspaces in V of dimension n, which manifold is compact, we conclude
that C¥(V, o) is a homogeneous compact manifold. In fact, it is well known
(Porteous, 1969, Theorem 12.12, p. 233) that €¥(V, o) is diffeomorphic to
O(n, R), and that any co-Lagrangian subspace L has the representation

L x= [I - @] 0
e

where O is an nxXn orthogonal matrix. This representation defines a
diffeomorphism of O(n, M) onto €¥(V, o). Thus, €¥(V, o) has two
diffeomorphic components, €¥<(V, o), each corresponding to a choice of
orientation of R". The cohomology ring of O(n, R) is well known (Steenrod,
1957). The symplectic approach to this pseudo-Euclidean geometry allows
new interpretations of some cohomological classes.

Note that the proper orthogonal group Cs*(V, o) does not act transi-
tively on C¥(V, o) (Dieudonné, 1964). It has two orbits, namely €£=(V, o).
We quote a result from Dieudonné (1964, p. 154), which allows us to

determine when two co-Lagrangian subspaces belong to the same com-
ponent of 6£(V, o):

1. L, L' belong to the same component of €¥(V, o) if and only if n
and r=dim(Ln L’) have the same parity.

2. L, L' belong to different components of €¥(V, o) if and only if n
and r=dim(L~ L") have different parities.

In particular, r =0 will be taken to have even parity.

5. TRANSVERSAL CO-LAGRANGIAN SUBSPACES

Subspaces U, We V are said to be transversal if V= U® W. We shall
now show that, given a co-Lagrangian subspace LeV, another co-
Lagrangian subspace L' can be found which is transversal to L. Since
Cs(V, o) acts transitively on CZ(V, o), we can always transform L into
the co-Lagrangian subspace
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Let L’ be another co-Lagrangian subspace, and let its corresponding trans-

form be
7' x= [ §:| 0
n

If L and L' are transversal, then 7 and 7' must also be transversal. This
will occur if and only if

rank|:0 §]=dimV
I 7

Thus, the matrix £ must be nonsingular, a condition that can easily be met.
Introduce now a new parametrization of L' by setting 8 = ¢7'6’. Then

7' becomes
: [I] ,
T oXx= 16
mn

where 1’ is skew symmetric. It is clear that any co-Lagrangian subspace 7’
transversal to 7 can be obtained in this way. The set #(a) of all co-
Lagrangian subspaces transversal to = is thus parametrized by the set of
all skew-symmetric n x n matrices, which topologically is R"™ V2, We
conclude therefore as follows.

Proposition 1. The set £(L) of all co-Lagrangian subspaces transversal
to any given L is a cell of dimension 3n(n —1). Furthermore, the sets £(L),
where L ranges through the entire set C¥(V, o), define an atlas on the
manifold CZL(V, o).

It is necessary for later developments also to establish whether, given
two co-Lagrangian subspaces L and L' which are transversal, we can find
a third L” which is transversal to both L and L'. As before, we can assume
without loss of generality that L= Then, since L' and L" are both
transversal to L, we can write

I I
L x=[ ,:|0; L": x=[ ”]0
] ]

For L' and L" also to be mutually transversal, we must have
I I 0 I
rank[ , ,,] = rank[ . ,,] =2n
' 7 (=7 n

rank[n'—n"]=n

Thus,

Since ' — 7" is skew symmetric, this condition can be met only in the case
when n is even. When n is odd, no third transversal L” can be found.
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6. PROJECTIONS ONTO CO-LAGRANGIAN SUBSPACES

Let L be a fixed co-Lagrangian subspace, and let L' be a co-Lagrangian
subspace transversal to it. Consider the projection P: V- V defined by

P(u)=0Vuel, P(v)=OVveL’ (9)

We thus have an exact sequence

0>L>VSL >0 (10)
It is easily demonstrated that
Vx,x'eV, o(Px,x)+o(x, Px')=0(x,x')

Hence every projection P of the form (9) is an element of the Lie algebra
co(V, o) with up = 1. The converse is also true: if P< co(V, o), up =1, and
P|, =0, then there is a co-Lagrangian subspace L' which is complementary
to L, such that Im(P)= L’ and such that (10) holds. The set #(L) of all
co-Lagrangian subspaces L' transversal to L is thus in one-to-one correspon-
dence with the set {Peco(V,o): up=1 and P|, =0}

These observations enable us to give a coordinate-free description of
the set £(V, o). Let P be any element of co(V, o). Define the bilinear form
Qp on V by

Qr(u, v) = a(Pu, v) — 31,0 (u, v) (11)

Then Qp can be shown to be skew symmetric. The conserve is also true:
given a skew-symmetric form Q and any real constant u, then equation
(11) defines a unique element P of co(V, o). Note that, if P(u)=0forue L,
then Qp(u, u)=0 and Qp(u, v)=—3upco(u, v) for ue L and ve L'. Thus,
Qp defines a pairing between L and L', giving rank Qp = n. We have therefore
shown the following result.

Proposition 2. The followin,e sets are all in one-to-one correspondence:
1. The set #(L) of all co-Lagrangian subspaces L’ transversal to L.
2. The set {Peco(V,o): up=1 and P|p =0}

3. The set of all skew-symmetric bilinear forms Q on V such that

Q(u, v) =%0(u, v), uecl, veV
where L'=ker(P—1I), and P and Q are related by (11).

Suppose now that Q, and Q, are two skew-symmetric bilinear forms
on V satisfying

Qi(us v)=_%l“’Q,~(u’ U), NEL, UGL' (12)
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Then the difference Q,—~ Q,= H satisfies H(u,x)=0 for ue L and xe V.
Thus, H defines a symmetric bilinear form on the quotient space V/L.
Conversely, any skew-symmetric bilinear form on V/L can be considered
as a bilinear form H on R*" with the property that H(u, x)=0forall ue L
and x € V. This yields the following proposition.

Proposition 3. Let L be a fixed co-Lagrangian subspace. Then the space
Z(L) of all co-Lagrangian subspaces transversal to L is in one-to-one
correspondence with the space Q(V/L) of all skew-symmetric bilinear
forms on V/L.

If L'is a co-Lagrangian subspace transversal to L, then we may identify
V/L and L. Given L"€ £(L), the bilinear skew-symmetric form H on L’
associated with L” is given by

H(v,, v;)=o(Ppv,, v3), vy, €L (13)

where P;. is the projection of V onto L” along L, i.e., the sequence

P, .
0> Les V—>L">0 (14)

is exact. By a previous result, the bilinear form Q; associated to L'e £(L)
vanishes on L'. Clearly, we have

H=(Qu— Q)IL

where H is defined by (13).
We note that H is nonsingular if and only if L' and L" are transversal.
In fact, if ue L'~ L", then

P(u)=P(u)=u
and thus
Qu{u,x)=Qu(u,x) VxeV

Hence H(u, x)=0. Conversely, if L' n L"= {0}, then the projection P: L' >
L” is one-to-one and, from (13), we conclude that H is nonsingular on L'.

Let L', L"e #(L), i.e., L' and L” are both transversal to L, but not
necessarily to each other. Then the projections P, and P;- along L belong
to co(V, o), and

W, = pp,=1
Thus,
Pp—Ppeo(V, o)
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Furthermore, P,.— P, - is nilpotent. For, let ue€ L. Then P,(u) = P,.{(u)=0.
Also, if ve L”, then
Py(v) = Pp(v)=Pp(v)—vel
Since P, and P, map L onto {0}, it follows that
(Py=Py)?=0
as required. From the nilpotence of P, — P,. we obtain also
exp(Py—P)=1+ Py~ P.e O(V, o)
This yields the following proposition.

Proposition 4. Let L be a co-Lagrangian subspace. If L' and L" are two
co-Lagrangian subspaces transversal to L, then

P, —P;.co(V, o)
and
(P~ Pr)*=0

Also, the map 1+ P,.— P, is the identity on L, it carries L” onto L', and it
belongs to o{V, o).

7. THE FUNDAMENTAL CLASS OF HY(€£2(V, o))

Since €ZL(V, o) is diffeomorphic to O(n, R) (Porteous, 1969), we have,
for n=3,

HY(L(V,0))=m(6L(V,0))=2,®Z, (15)

Now, we know that SO(n, R) is double covered by the spinor group, which
is one-connected, and that any one-connected manifold is orientable. But
a manifold M is orientable if and only if H'(M, Z,) = 0. Hence, from (15),
we conclude that €¥(V, o) is not orientable. )

Let M be a nonorientable manifold and suppose that & ={U, ¢} is
an atlas on M. Then the coordinate transformations of the principal frame
bundle on M are given by

guv(x)=~0](¢'v°¢_ul)(x) (16)

where xe ¢ /(U N V), U, Ve s, ané T( - ) denotes the Jacobi matrix. The
functions

ayv(x)=det[guv(x)], UVed (17)
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are the coordinate transformations of the associated line bundle /( M). Since
M is not orientable, the bundle /(M) is nontrivial. The functions

myy(x) =sgn(ayy), UVed (18)

define a Cech 1-cocycle with coefficients in Z,~{1, —1}.

Hdérmander (1971, p. 156) has given a description of H'(Zag(V, w)),
where Lag(V, w) is the space of all Lagrangian subspaces in (V, w), in
terms of an invariant constructed from a quadruplet of Lagrangian sub-
spaces. This cannot be done for the case of co-symplectic subspaces, since
quadruplets of mutually transversal co-Lagrangian subspaces do not exist.
Furthermore, there seems to be no invariant of the type used by Héormander,
constructed from a pair of skew-symmetric bilinear forms.

Let £(L)< €£(V, o) be the set of all co-Lagrangian subspaces trans-
versal to L. From Proposition 3, Section 6, we know that £(L) is a cell
diffeomorphic to the space of all skew-symmetric bilinear forms on the
quotient space V/L. Furthermore, from Dieudonné (1964, p. 154) we also
know that, if n is even, Le ¥(L), and if n is odd, Lg £(L). In the latter
case, L and Z(L) belong to different components of €£(V, o).

IfL, L'e €¥(V,0) and L€ £(L)n £(L'), then one can identify V/L
and V/L' with the complementary space L,. A given L,e L(L)n (L)
Z(L') then defines the skew-symmetric bilinear form on L, by

S1,(u, v) = o(Pru, v), wvel, (19)

where P, is the projection of V onto L, along L. Similarly,

'Lz(u’ v) = O-(P/Lzu’ U)a u,ve Ll (20)

where P} is the projection of V onto L, along L'.
The intersection £(L) n £(L') has a finite number of connected com-
ponents. To illustrate this, we take

L: x=[g] g L x=[;,]§ (21)

Then L,: x =[7]¢ belongs to £(L)~£(L’) if and only if

I X
rank[s, I] =2n

which is equivalent to
d(X)=det[I-5'X]#0 (22)
Denote the algebraic set
Mo(L, L) ={X: ¢(X) =0} (23)
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Now, we find that if X =[x;], $'=[s;], i, j=1,..., n, then

¢

Xy
where Uy is the (i, j) algebraic cofactor of I — S'X. Equations (24) and (23)
are linearly independent. Therefore, on a dense and open subset of
My(L, L), the gradient of ¢ is nonzero. Let X,€ M, and grad ¢(x,) #0.
Suppose Uy, U, are two adjacent components of (L) %(L'), i.e., X,€
U, U,, where U denotes the closure of U. Consider the function

¢ (1) = ¢(Xo+1 grad ¢(X,))

Then ¢(0)=0, and ¢'(0) = ||grad ¢(X,)|]*>. This shows that ¢(t) changes
sign when passing through ¢ = 0. We thus conclude the following result.

=Uyx 8y (no summation) (24)

Proposition 5. If U,, U, are two components of Z(L)n £(L’) such
that grad ¢(X,)# 0 for some Xy,e€ U, U,, then the function ¢(X) has
different signs on U, and U,.

We now take any two co-Lagrangian subspaces L and L', and choose
L,, L,e (L) #(L"). By the homogeneity of Z(V, o), we can assume
" once again without loss of generality that

L: —[] L: ~[I] 25
.x—Sf, .x—S,f (25)

L,: x=[)1(]§, L,: x:[}{]g (26)

where £ R”. Then we define
(L, L"; Ly, Ly)=sgndet(I —-SX)(I-S'X)I-SY)(I-S'Y) (27)

Clearly, (L, L’; L,, L,) is a locally constant function on L,, L, Z(L)n
Z(L'), with values in Z,={1, —1}. The following obvious identities show
furthermore that (L, L'; L,, L,) defines a Cech 1-cocycle over Z,,

(L’ L’) Ll ’ LZ) = (L, L'; LZ’ Ll)
(L’ L’7 Lla LZ)(La L,; L29 L3)(La L,; L3’ Ll) =1

where L,, L,, Lye £(L)n ¥%(L"). Denote the corresponding cohomology
class by w. We shall now demonstrate the following result.

Proposition 6. The cocycle o generates the cohomology class
H'(6ZL(V, 0)).

Suppose w = da, a € H(6%(V, o)). Then the cocycle w either defines
a function, or it is constant on €£(v, o). Suppose

FLNL(LINE(K)NFE(K)#=D
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then the corresponding zero sets My(L, L) and My(K, K') are distinct. Let
U be a component of £L(L)~L(L") such that U My(K, K')#0. Since
the regular points of My(K, K') are dense in My(K, K') and U is open,
there is a regular point X, of My(K, K') in U. According to Proposition 5,
the function (K, K’; K,, K}) changes its sign in U. Since U is a connected
component of £(L)nL(L"), the function (L, L'; L,, L}) is constant on U.
Thus, either the cocycle w cannot define a function, or it is not the coboun-
dary of any cocycle, contrary to the initial hypothesis. This completes the
proof.

Propositions 3.1 and 3.2 of Guillemin and Sternberg (1977) for the
Lagrangian subspaces of symplectic geometry can be demonstrated without
difficulty for the co-Lagrangian subspaces of co-symplectic geometry.

Proposition 7. Let R be an isotropic subspace of (V, o). Then W=
R*/R is a co-symplectic vector space, and the map
ymp p

p(X)=XnNR*'/R

sends €ZL(V, o) into ¥ (W, oy ), where oy is the induced co-symplectic
bilinear form on W.

The proof of this proposition follows directly from the analogous
symmpléctic case. See Guillemin and Sternberg (1977, p. 131) and also
Dieudonné (1964, p. 154). The case in which dim R =1 is of particular
importance. We have

dim W=dim R*/R=2n-2
Put ¥ ={Le €¥(V, o); L> R}. Then we have the following result.

Proposition 8. The set ¥y is a submanifold of codimension (n—1) in
BL(V, o). The map p, when restricted to GZ(V, o)\ Fx, is a smooth map,
making ¥Z(V,c)\Fr into a fiber bundle over €F(W, oy, ) with fiber
diffeomorphic to R".

Clearly ¥ has codimension (n—1) in €¥£(V, o) if and only if Fxn
Z(L), which is nonempty, has the codimension (n—1) in #(L) for all L.
By an appropriate transformation from O(V, o), we can transform ¥(L)
into #(7r), where

and

3(77)2{L€ CL(V, o), L: x=[1}§}
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Suppose that under this transformation R becomes

R,
= t t
x [Rz] : efn

Then R is isotropic if and only if R;, R, R" are perpendicular with respect
to the standard Euclidean product in R". Clearly L€ % if and only if for

S R2

SR, =R, (28)

Since R, is perpendicular to R, and § is a skew-symmetric n X n matrix,
equation (28) determines (n—1) linearly independent equations in the
entries of &. Hence codim $p =n—1.

We now show the map p: $r > 6Z(V, o) given by

L>(R*nL)/(RNnL)y=L/R

is a bijection. Recall that R= L and L<c R*. Then, if L'« R*/R is co-
Lagrangian, the preimage of L' by the quotient map
Tw . RJ_ > R—L/R
is an unique co-Lagrangian subspace L> R in R such that p(L)=L'.
Let us now investigate the complementary set €£(V, o)/ ¥r. For

L& R*, that is, R# L, the map L- L~ R" is smooth, since dim(L N R™")
is constant. Furthermore, L » R* does not contain R. Therefore the map

LAR*>(LARY)/(LAR)=(LnR")/{0}

is also smooth. Thus, p is smooth on €#(V, o0)\Fr. Again, since L2 R,
and therefore L& R™, the intersection LA R is an (n—1)-dimensional
isotropic subspace in R* which does not contain R. This implies that the
image (LN R")/R is an (n—1)-dimensional isotropic or co-Lagrangian
subspace in W. We conclude that the preimage 7w (K ) of any co-Lagrangian
subspace K in W is an (n—1)-dimensional isotropic subspace in R*.

Given an (n —1)-dimensional isotropic subspace L' < R*, the set of all
co-Lagrangian subspaces L in V such that L~ R* = L’ can be parametrized
as follows. Note that

Thus,

(L)Y*=L*"+R=L+R

Thus, dim(L)* = n+1. Since L' < (L'}, take a complementary subspace to
L' in (L))", say Z< (L")*. Then

(LY'=L'®Z
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and we have dim Z =2. Because (L')" = L@ R, every co-Lagrangian sub-
space in (L')"* is determined uniquely by a one-dimensional subspace in Z,
with the exception of the subspace R. The set of all one-dimensional
subspaces in Z is a circle. A circle with one point removed is an open
segment. Thus, the preimage p~'(L’), with L'e €£(W), is diffeomorphic
to R"~"x the open segment, which gives R". It follows then that the fibration
BL(V, o)/ Fr over €L(W) is locally trivial.

8. CONCLUSION

In this paper, we have defined the co-symplectic geometry and have
investigated the null structure of a co-symplectic vector space (V, o). The
set Z(V, o) of all maximal isotropic subspaces of V, which we call
co-Lagrangian subspaces, is a homogeneous compact manifold of dimension
3n(n—1) consisting of two diffeomorphic components. The set #(L) of all
co-Lagrangian subspaces transversal to a given co-Lagrangian subspace L
is a cell of dimension 3n(n—1) and can be parametrized by the skew
symmetric bilinear forms on V/L. The sets #(L), with L ranging through
the entire set €Z(V, o), define an atlas on 6Z(V, o). The fundamental
group of €¥(V,0) is Z,D Z,.

REFERENCES

Bohm, D., and Hiley, B. J. (1983). In Old and New Questions in Physics, Cosmology and
Theoretical Biology (A. v. d. Merwe, ed.}, Plenum Press, New York.

Dieudonné, J. (1964). Algébre Linéaire et Géométrie Elémentaire, Hermann, Paris [English
translation, Kershaw, London (1969); all quoted page numbers are for the English
translation].

Frescura, F. A. M., and Hiley, B. J. (1984). Revista Brasiliera de Fisica (Volume Especial Os
70 anos de Mario Schénberg).

Guillemin, V., and Sternberg, S. (1977). Geometric Asymptotics, American Mathematical
Society, Mathematical Surveys, Number 14, Providence, Rhode Island.

Guillemin, V., and Sternberg, S. (1984). Symplectic Technigues in Physics, Cambridge University
Press, Cambridge.

Hoérmander, L. (1971). Acta Mathematica, 127, 79.

Porteous, I. R. (1969). Topological Geometry, Van Nostrand Reinhold, London.

Schonberg, M. (1957a). Nuovo Cimento Supplemento, 6, 356.

Schénberg, M. (1957b). An. Acad. Brazil. Ci. 29, 473.

Schonberg, M. (1958). An. Acad. Brazil. Ci. 30, 1, 117, 259, 429,

Steenrod, N. (1957). The Topology of Fibre Bundles, Princeton Mathematical Series No. 14,
Princeton University Press, Princeton, New Jersey.



